We present a quantum Hall effect of magnons in two-dimensional clean insulating magnets at finite temperature. Through the Aharonov-Casher effect, a magnon moving in an electric field acquires a geometric phase and forms Landau levels in an electric field gradient of sawtooth form. At low temperatures, the lowest energy band being almost flat carries a Chern number associated with a Berry curvature. Appropriately defining the thermal conductance for bosons, we find that the magnon Hall conductances get quantized and show a universal thermomagnetic behavior, i.e., are independent of materials, and obey a Wiedemann-Franz law for magnon transport. We consider magnons with quadratic and linear (Dirac-like) dispersions. Finally, we show that our predictions are within experimental reach for ferromagnets and skyrmion lattices with current device and measurement techniques.
I. INTRODUCTION

Magnons
1-3
, the quantized version of spin waves, are low-energy collective excitations of coupled localized spins and play the role of an elemental magnetic carrier in a wide range of insulating magnets. Due to the intrinsic bosonic nature, magnons can form a macroscopic coherent state by quasi-equilibrium condensation [4] [5] [6] [7] [8] and propagate 9 spin information over distances of several millimeters, much further than what is typically possible when using spin-polarized conduction electrons in metals. Such fascinating properties have attracted considerable interest in magnon spintronics, dubbed magnonics [10] [11] [12] [13] , aimed at utilizing magnons, instead of charge, as a carrier of information in units of the Bohr magneton µ B .
For this purpose, it is of fundamental interest to develop a better understanding of magnon transport in magnetic insulators [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Analogous to the AharonovBohm [26] [27] [28] (AB) effect of charged particles in magnetic fields, a magnetic dipole moving in electric fields acquires a geometric phase called the Aharonov-Casher 29, 30 (AC) phase. Because magnons have a magnetic dipole moment, this AC effect gives a handle to electrically control magnon transport 14, 31 . Zhang et al. 32 have indeed experimentally observed the AC effect in magnon systems, and a method to electromagnetically control magnon transport in condensation 7 , magnon Josephson effects, and persistent quantized magnon current, have been proposed recently 16 using the AC effect. As well as such electromagnetic aspects, also thermomagnetic control has been rapidly developed. Making use of the thermal Hall effect [33] [34] [35] [36] , Onose et al. 33 have experimentally realized the thermomagnetic control of magnon transport in pyrochlore structured magnets and recently, a universal thermomagnetic relation, the Wiedemann-Franz 37 (WF) law, for magnon transport has been theoretically established 15 ; at temperatures sufficiently lower than the energy gap, provided by the Zeeman energy, the ratio between thermal and magnetic magnon-conductances becomes linear in temperature with a universal proportion-
FIG. 1: (Color online) Schematic representation of magnonic
Hall effects in a two-dimensional clean insulating magnet where magnetic field or temperature gradients along x direction produce a transverse Hall current of magnon (red dot) along y direction. Landau levels and cyclotron motion of the magnons can be induced by extrinsic electric field gradients or intrinsic spin orbit interactions, giving rise to quantized Hall conductances for magnon and thermal currents. The ratio of these Hall conductances satisfies a Wiedemann-Franz law at low temperatures. ality constant.
In this work, providing a topological description [38] [39] [40] of the classical magnon Hall effect induced by the AC phase, which was proposed in Ref. [14] , we develop it further into a quantum Hall effect (QHE) of magnons and find a universal thermomagnetic behavior. The mathematical structure of magnons in the presence of an AC phase is identical to that of electrons with an AB phase, which allows us to use the topological formulations [38] [39] [40] FIG. 2: (Color online) Schematic representation of a skewharmonic electromagnetic scalar potential ϕ periodically arranged. Through the AC effect, the magnon (µm) moving in the potential experiences an electric vector potential Am analogous to the symmetric gauge giving rise to cyclotron motion of the magnon corresponding to Landau levels. Such a skewharmonic potential may be realized by periodically arranging STM tips.
tric field gradients or by an intrinsic spin texture such as two-dimensional skyrmion lattices 20 . We show that the ratio of the magnon and thermal quantum Hall conductance becomes universal and satisfies the WiedemannFranz law, provided the proper definition of the thermal Hall conductance is used which includes off-diagonal Onsager coefficients. We present numerics for the integer QHE in the presence of a periodically extended gradient field of sawtooth form. We find that for this case the edge states remain intact even if the period of the sawtooth is much smaller than the electric length characterizing the Landau orbit size. We consider magnons with quadratic and linear (Dirac-like) dispersions and discuss the differences of the corresponding Landau levels.
At sufficiently low temperatures, effects of magnonmagnon interactions and magnon-phonons become 15, 45 negligibly small. We then focus on such low temperatures throughout this paper and assume noninteracting 91 
magnons.
This paper is organized as follows. In Sec. II we introduce the model system for magnons with a quadratic dispersion, applicable to wide range of insulating magnetic lattices (i.e., crystals), and find the Landau quantization through the AC effects. In Sec. III, analyzing the resulting Hall conductances, we discuss the condition for the QHE that is characterized by a Chern number associated with the Berry curvature and derive the WF law in the quantum Hall system. In Sec. IV, we give some concrete estimates for experimental candidate materials. Finally, we summarize and give some conclusions in Sec. V. Technical details are deferred to Appendices.
II. LANDAU LEVELS
We consider a two-dimensional clean ferromagnet (see Fig. 1 ) embedded in the xy plane in the presence of an electric field E which couples to the magnetic dipole gµ B e z of the spins through the AC effect 31, 32, 46, 47 , where g is the g-factor and µ B the Bohr magneton. The magnet is described by an anisotropic Heisenberg spin Hamiltonian given by
where J ij > 0 is the exchange interaction between the localized spins on the nearest neighboring sites ij , S
Here, we allow for spatial anisotropy such that if the exchange bond between site i and j is along x direction, the exchange interaction is given by J x , while along y direction by J y . The exchange interaction in spin space is assumed to be isotropic. Furthermore,
is the AC phase 31, 32, 46, 47 which the magnetic dipole moment associated with the spin along z acquires when it hops between neighboring sites. By using the Holstein-Primakoff
, to lowest order since we assume large spins S ≫ 1, Eq.
(1) can be mapped onto a system of non-interacting 48 magnons: Chargeless bosonic quasi-particles carrying a magnetic dipole moment gµ B e z along z direction. These magnons are described by annihilation (creation) operators a ( †) i which satisfy bosonic commutation relations
. Dropping irrelevant constants, we then get the hopping Hamiltonian form for the magnons,
where t ij = J ij S is the hopping amplitude. Going over to the continuum limit, and in the isotropic limit J x = J y = J, Eq. (2) reduces to 14, 30 
where m is an effective mass of the magnons defined by
, with a being the isotropic lattice constant, p = (p x , p y , 0) the momentum operator of the magnon in the plane, resulting from the quadratic dispersion of the magnons, and where we introduced an 'electric' vector potential at position r = (x, y, 0)
for the magnons. The Hamiltonian Eq. (3) is seen to be formally identical to that of a charged particle moving in a magnetic vector potential, but where now the coupling constant is given by gµ B instead of the charge e and the electric vector potential A m . Assuming an electric field of
, where E is a constant electric field gradient, this gives the analogue of the symmetric gauge A m (r) = (E/c)(y/2, −x/2, 0). The role of the perpendicular magnetic field in charged systems is played here by the field gradient E, and such an electric field arises from an electric 'skew-harmonic' potential, see Fig. 2 . This allows us to use the topological formulations 38, 39 of the conventional QHE in terms of Chern numbers and to apply them directly to our case.
Using this analogy, the calculation indeed parallels the one for electrons (see Appendix A for details). The energy eigenvalues of H m become the analog of Landau levels and magnons perform cyclotron motion with frequency
and the electric length l E being defined by
which is analogous to the magnetic length 49, 50 in charged systems. Moreover, it has been established experimentally that magnons satisfy Snell's law at interfaces 51 , in particular implying specular (elastic) reflection at the boundary to vacuum. Thus, we can expect that magnons form skipping orbits along the boundary like electrons 52 , giving rise to chiral edge states [53] [54] [55] in the quantum Hall regime, see below and Fig. 3 . When, in addition, a uniform magnetic field B 0 perpendicular to the xy plane is applied giving rise to a Zeeman energy for the spins, the Landau levels become
The energy levels break up into uniformly spaced subbands. The resulting energy level spacing of such nonrelativistic-like magnons is uniform and does not depend on the principal quantum number n for the Landau level:
with a linear dispersion. One of the challenges in above picture is that the electric field gradients E needed for the formation of Landau levels must be very large to reach level spacing that are physically observable. This requirement of large fields can be substantially softened by allowing for a periodic extension of linear field gradients, see Fig. 2 . In this case, the field gradient is still the same but needs to be generated only over a distance (period) that can be much smaller than the sample dimensions or even the electric length l E .
To investigate this we have performed exact numerical diagonalization of the tight-binding Hamiltonian given in Eq. (2), as we explain next. For this it is convenient to work with the analogue of the Landau gauge, A the energy spectrum is the same for both gauges. We use now this gauge and drop the prime. The Landau gauge has the advantage of being constant in y direction and thus we can perform a Fourier transformation of H m [Eq. (2) ] in the variable y and introduce the momentum k y such that H m = ky H ky , with
where a ky,n annihilates a magnon with momentum k y in y direction at site n = x/a x (along x direction), and where a x(y) is the lattice constant in x(y) direction. The phase accumulated by the magnon as it hops in y direction by one lattice constant a y is given by θ n = nθ 0 , where θ 0 ≡ (gµ B / c 2 )Ea x a y . For t x = t y , this is the standard Hamiltonian describing the integer QHE on a lattice in the presence of a flux. Note that for the spectrum the quantum statistics does not matter and the same spectrum is obtained for bosons and fermions.
Next, we periodically extend A
where R q is the period and {.} means fractional part smaller than one. In the tight-binding model, it is con-venient to choose R q = qa x with q being integer, which results in θ n = θ 0 q{n/q}. We want now to study the spectrum of the periodically extended H ky (on a lattice strip oriented along y direction and of finite width in x direction) and see how it depends on the period R q . We obtain the spectrum by exact numerical diagonalization of the Hamiltonian (8) and show the results in Fig. 3 (see also Appendix B). For definiteness, we will focus on the spectrum around the lowest Landau level.
For large values of q such that l E ≪ qa x we see from Fig. 3(a) that the bulk gap (between the first and second Landau level) is not flat, but still there is one chiral edge state propagating along y direction at each edge of the strip. As q gets smaller, the bulk spectrum is modified, see
For even smaller values of q such that l E > qa x the modification is very drastic in the sense that the bulk gap is closed for a fixed energy 58 and the system becomes gapless; see Figs. 3 (c) and (d). However, quite remarkably, for each given value of k y , there is still a gap in the spectrum, and, moreover, the chiral edge states still exist. Thus, if disorder is weak this edge modes will not couple to the bulk and the Hall conductance will still be dominated by these edge states, despite the fact that parts of the spectrum are gapless. This feature is similar to Weyl semimetals. We refer to Appendix B for an anisotropic case J x = J y . Finally, we mention that we also tested numerically the periodic extension of the field gradient for the symmetric gauge and, as expected by gauge invariance, found the same behavior as for the Landau gauge.
III. HALL CONDUCTANCES FOR MAGNONS
A. Magnetic Hall conductance
In this section we discuss the Hall transport properties of magnons. We begin with by introducing some relevant properties of the magnon spectrum applicable to a wide range of insulating magnets 46, 47 where H m [Eqs. (2) and (3)] plays the role of an effective Hamiltonian for magnons (we suppress now the z coordinate). On the lattice, magnons are subject to a periodic lattice potential 38, 39, 59 U (r) = U (r + R) with Bravais lattice vector R = (a x , a y ), and the total Hamiltonian is given by H(r) = H m (r) + U (r) + gµ B B 0 . Following Refs. [38, 39] we introduce the Bloch Hamiltonian with
The eigenfunction of the Schrödinger equation H k u nk (r) = E nk u nk (r) is given by 20, 38, 39 the magnonic Bloch wave function u nk (r) ≡ e −ik·r ψ nk , where Hψ nk = E nk ψ nk and E nk = E lk when n = l; the eigenvalue E nk depends 38, 39 on k continuously.
We next focus on magnon Hall conductances. As in Refs. [14, 42, 44, 60] , a gradient along, say, x direction, of a magnetic field B perpendicular to the xy plane (Fig. 1 ) acts 15, [61] [62] [63] [64] as a driving force for magnons like an electric field for charged particles. Using this correspondence, we evaluate the magnon Hall conductance in the clean bulk limit generated by a weak constant magnetic field gradient |∂ x B| ≪ ω c /gµ B a, assuming that the system is surrounded by a large bulk magnet which acts as a reservoir 14 for magnons, providing effective chemical potentials for the magnons 92 In the bulk, the anomalous velocity 35, 36, 38, 60 associated with a confining potential is zero, and the calculation procedure indeed becomes in parallel with Ref. [39] , with the differences that we treat the magnons in the Landau quantization.
The Hall conductance G yx of bulk magnons is defined by
is the magnon current density operator along the y-axis, L 2 being the area of the system, and the magnon velocity operator [38] [39] [40] v y = ∂H k /∂ k y . Focusing on the linear response regime, the magnon Hall transport is described by the transverse Kubo formula [38] [39] [40] (see Appendix C for details),
where n B (E nk ) = (e βE nk − 1)
is the Bose-distribution function, BZ denotes the corresponding Brillouin zone analogous to the magnetic 38, 39, 65 BZ for electronic systems in the presence of a magnetic flux, and Ω n (k) is the Berry curvature (see Appendix C for details). We note that the time reversal symmetry of the system is broken by the magnetic field B perpendicular to the xy plane and by the finite magnetization. In such systems with broken time reversal symmetry, the Berry curvature generally becomes 20, 35, 36, 38 non-zero. Thus, the magnon Hall conductance is generally characterized by the product of the Berry curvature and the Bose-distribution function as shown in Eq. (9) .
Finally, we provide the condition for QHEs characterized by a topological invariant, i.e., by a Chern number 39, 40 associated with the Berry curvature. It may be assumed that the energy level spacing [see Eq. (7)] is characterized by | E nk − E n−1k |∼ ω c . At low temperature k B T ≪ ω c , only the lowest mode n = 0 becomes relevant in Eq. (9) . We can then consider the case 20, 66 ,
where the band width is much smaller than k B T and the lowest energy band can be regarded as being almost flat in the Bloch wavevector-space. For such an almost flat band, Eq. (9) becomes
where E * 0 represents the typical 93 energy value for the almost flat band and ν 0 is the Chern number 46, 47, 67, 68 . Due to the single-valuedness of the wave function, it takes on integer values, 39 ν 0 ∈ Z. Thus, in the almost flat band, (10) indicates that at such low temperatures the magnetic Hall conductance of magnons in the clean bulk could be regarded as being quantized in units of
. This is analogous to the (integer) QHE 39, 40 of charged particles quantized in units of e 2 /h where the Fermi-distribution function is replaced by the Heaviside step function at zero temperature. We emphasize that the Hall conductance for magnons, however, depends on temperature and on the typical energy value for the almost flat band via the Bose-distribution function n B (E * 0 ). This arises from the intrinsic bosonic nature of magnons and the fact that n B (E * 0 ) behaves fundamentally different from the Fermi distribution at low temperatures
94
; due to the Bose function in Eq. (10), the Hall conductance of noninteracting magnon vanishes at zero temperature. This result is fully consistent with the general conclusion given in Ref. [69] that there cannot be any transport signature of the QHE for non-interacting bosons. In other words, the magnonic QHE manifests itself with a finite Hall conductance only at finite temperatures, as described by Eq. (11).
We note a sum rule 46, 53 for Chern number and when the (lowest) band becomes completely flat ∂ k E nk = 0, the Hall conductance can become zero since the Berry curvature itself In particular, the DM interaction produces 
B. Thermal Hall conductance
We apply the above results to the thermal Hall conductance 35, 36 . Focusing on systems with boundaries, we consider a magnetic insulator in the absence of any externally applied magnetic field gradients (i.e., ∇B = 0), while a thermal gradient along x direction ∂ x T = 0 is sustained by contacts to thermal baths of different temperatures, see Fig. 1 . We work under the assumption that the spin along the z direction is a good quantum number. Within linear response theory, magnon and heat current densities, j and j Q , respectively, are then generally characterized by the following 4 × 4 Onsager matrix,
Here, the temperature and field gradients are all in general non-zero, containing contributions from external and internal sources, where the latter are generated in the stationary state by the Hall effect itself. Focusing on the quantum Hall regime |L Fig. 3 (c-d) this is no longer the case, but as long as the spectral part around the edge states is gapped, the contribution to transport from the extended continuum states will lead to small corrections.
96
If the band is almost flat around the region of the spectrum containing the edge modes, L yx ij are well approximated by the Chern number and given by Eq. (10) . Applying then the condition of flat bands Eq. (11) also to the thermal transport coefficients obtained in Ref. [35] , we readily obtain
where along both directions, and that along x direction ∂ x B * produces a magnon counter Hall current along y direction. Then, the system reaches a new stationary state such that in-and out-flowing magnon currents along y direction balance each other, and there is no total magnon current in this new quasiequilibrium state, i.e., j y = 0. This is the case when
The thermal Hall conductance K yx , defined by j 
where the off-diagonal elements arise from the magnon counter-current. From this we obtain the thermomagnetic ratio K yx /G yx , characterizing magnon and heat Hall transport. This ratio is plotted in Fig. 4 . At low temperatures (i.e., E * 0 /k B T ≥ 5), the ratio of the non-dissipative transverse transport coefficients becomes linear in temperature,
T (16) with a universal proportionality constant
which we refer to as magnetic Lorenz number
15
. Instead of the charge e, L is characterized by gµ B and it is independent of any geometry and material parameters 97 except for the g-factor. Thus, at low temperatures, the ratio of the magnonic quantum Hall conductances satisfies the WF law. Interestingly, the law holds in the same way for topologically non-trivial QHE systems in two dimensions as well as for three-dimensional ferromagnetic insulating junctions that are topologically trivial 15 . This is another manifestation of the universality of the WF law. This is one of the main results of this work. We note that magnon and heat currents are generally characterized by the 4 × 4 Onsager matrix Eq. (12) , and without the quantized Hall conductance given in Eq. (11), the expression for the thermal Hall conductance in Eq. (15) drastically changes due to the longitudinal transport coefficients L µµ ij and as a consequence the WF law cannot be recovered in such a classical Hall regime.
Remarkably, the WF law 98 holds in the same way for magnons, which are bosons, as for electrons 37 which are fermions. However, there is a crucial difference in the thermal conductances. For electron transport 59, 73 the thermal conductance K may be approximately identified with the diagonal Onsager coefficient L 22 /T ≡ κ since electrons have a sharp Fermi surface at the Fermi energy ǫ F resulting in a strong suppression of off-diagonal con-
2 ≪ 1 even at room temperature where ǫ F ≫ k B T still holds for typical metals. The same applies generally for fermionic excitations with sharp Fermi surface. However, it is obvious that such an approximation is not valid for magnons, which are characterized by the Bose distribution, and indeed breaks down, see T as function of E * 0 /kBT with assuming ν0 = 1. The deviation remains substantial even at low temperatures. Inset: Plots of the ratio (a') (gµB/kB)
In contrast to (a'), the ratio (b') does not reduce to a constant even at low temperatures.
IV. ESTIMATES FOR EXPERIMENTS
The magnonic Hall currents could be experimentally observed by Brillouin light scattering spectroscopy [4] [5] [6] 33, 74, 75 . For an estimate, we assume the following parameter values, E = 1V/nm 2 , J = 30meV, S = 10, g = 2, and a = 1Å(10Å). This provides the Landau gap ω c = 0.01µeV (1µeV) and l E = 0.7µm [Eqs. (5) and (6)]. Therefore, the magnonic QHE could be observed at T 0.1mK (10mK) and the Chern number can be changed as function of the electric field gradient. Note that at such low temperatures effects of magnon-magnon interactions and phonons become negligible 15, 45 .
These are rather low temperatures. A more realistic situation is obtained for skyrmion lattices 20 . As already mentioned above, in these systems the DM interaction produces 31, 46, 47 intrinsically a vector potential analogous to A m [see Eq. (3) and also refer to Sec. III A]; further, the low-energy magnetic excitations in the skyrmion lattice are magnons and the Hamiltonian indeed reduces to the same form of Eq. (3), giving an almost flat band [Eq. (11)]. For an estimate, we assume the following experimental parameter values [76] [77] [78] , J = 80meV, a = 10Å, the radius of a skyrmion R = 15nm, and the DM interaction D = 0.7meV, which provides a Landau gap of 2.5meV. Therefore, the magnonic QHE could be observed at T 25K and the Chern number could be varied 46, 47 as a function of the DM interaction. The temperature, however, should be low enough to make spin-phonon and magnon-magnon contributions negligible 15, 45 . We note that plateaus in the Hall current versus electric field gradient could be realized by injecting magnons into the system at an energy E inj inside the gap between subsequent Landau levels E * n . These magnons will then populate the chiral edge states on each edge and propagate along the edges, giving rise to a Hall current quantized in units of ν 0 (gµ B )
2 /h, with the Chern number ν 0 corresponding to the number of edge states. For instance, ν 0 = 1 when E * 0 < E inj < E * 1 , while ν 0 = 0 when E inj < E * 0 . Bulk-edge correspondence ensures that as long as the chiral edge states exist, the quantization is robust against disorder effects 44, 66 . Given these estimates, we conclude that the observation of magnonic QHEs and the WF law, while being challenging, seems within experimental reach [4] [5] [6] 9, 32, 51, [74] [75] [76] [77] 79 .
V. SUMMARY
We have studied the Aharonov-Casher effect on topological magnon transport and proposed a magnonic quantum Hall effect in Landau quantization at finite temperature for quadratic and linear (Dirac-like) dispersion relations of magnons. Moving magnons in a skewed-harmonic electric potential, or alternatively in a skyrmion lattice induced by the Dzyaloshinskii-Moriya interaction, give rise to Landau level quantization and the Hall conductances become characterized by the topological Chern number for almost flat bands. We showed that the quantum Hall features remain largely intact even if the effective flux (generated by an electric sawtooth gradient) is periodic in space with a period smaller than the electric Hall length. We found that for temperatures lower than the Landau gap, the quantized Hall conductances obey an analog of the Wiedemann-Franz law where the ratio of heat to magnon conductance is linear in temperature and is universal , i.e., independent of geometry and material parameters of the system. It is well-known that quantum-statistical properties of bosons and fermions are fundamentally different and quantum effects become dominant in particular in the low temperature regime. However, appropriately defining the thermal conductance of magnons with taking into account magnon counter-currents induced by magnetization gradients, we discovered that transport in quantum Hall system exhibits the same linear-in-T behavior as fermions. This is another demonstration of the universality of the Wiedemann-Franz law independent of particle statistics.
In this Appendix, focusing on the anisotropic case J x = J y , we consider the spectrum around the lowest Landau level, see Fig. 6 . For large values of q such that l E ≪ qa x (see the main text), there is essentially no deviation from the standard case of a uniform gradient, see Fig. 6 (a) . The bulk gap (between the first and second Landau level) stays flat and there is one chiral edge state propagating along y direction at each edge of the strip. As q gets smaller, the bulk spectrum is modified, see Fig.  6 (b) . In particular, the bulk gap is not flat anymore. For even smaller values of q, the modification is very drastic in the sense that the bulk gap is closed 58 and the system becomes gapless; see Figs. 6 (c) and (d). However, like in the isotropic case discussed in the main text, for each given value of k y , there is still a gap in the spectrum and the chiral edge states still exist. In comparison to the isotropic case, the anisotropy keeps the Landau bands more flat. Thus, a periodically extended flux is best implemented for strongly anisotropic systems. Also, the sawtooth form of the periodic extension is important; for instance, for a triangular shape the QHE disappears completely.
Appendix C: Magnon quantum Hall conductance
In this Appendix, we provide details on the derivation of the magnon quantum Hall conductance. Our derivation follows that of Ref. [39] , with the difference that our low-energy excitations are bosonic and given by magnons which we treat in Landau quantization (see also main text). The Kubo formula for the Hall conductance [38] [39] [40] reads
where L 2 is the area of the system and | u nk ≡| nk for simplicity. Since we consider a clean (i.e., disorderfree) bulk, the system is characterized by {| nk }. One can easily see the relation G yx = −G xy from Eq. (C1). Using the Berry curvature defined by
with Levi-Civita symbol ǫ χ̺τ (χ, ̺, τ ∈ {x, y, z}), Eq. (C1) can be rewritten as
At low temperature k B T ≪ ω c , only the lowest Landau level n = 0 becomes relevant and the almost flat band gives the quantized Hall conductance (see main text),
We thus reach the conclusion that in the clean bulk of two-dimensional insulating magnetic lattices, the magnon Hall conductance in Landau quantization becomes discrete in units of
This distinguishes our result from a disordered chiral spin liquid in Ref. [44] where the existence of a gap is assumed; in such a disordered system, the Bloch wavevector is no longer a good quantum number since the translation symmetry is broken due to random impurities. However, the role can be instead played by the phase parameters for the boundary condition (phase twist), and Haldane and Arovas
44
indeed showed that even in that case, the magnon Hall conductance is still characterized by the Chern number; the bulk-edge correspondence ensures that as long as chiral edge magnon states exist, the quantization of the magnon Hall conductance is robust against disorder effects, which is consistent with Ref. [66] numerically demonstrating a disordered quantum Hall regime in systems with dipolar interactions.
Our result Eq. (C4) shows that the prefactor of the Chern number depends on temperature and the typical energy value for the almost flat band characterized by the Landau gap (see main text). This arises from the intrinsic bosonic properties of magnons that the distribution function cannot be replaced by the Heaviside step function even at zero temperature. Therefore, the Bosedistribution function n B (E * 0 ) plays a crucial role in the magnonic QHE.
We note that in sharp contrast to the electric QHE, the magnetic Hall conductance of bulk magnons G yx does not reduce to the form analogous to the Středa formula 80 (see Ref. [81] for details), since the driving force is not the magnetic field B but its gradient ∂ x B; the Hall current density of bulk magnons can be written as
Lastly, we mention that the mathematical structure of the magnetic system characterized by the electric vector potential A m in the AC effect is identical to that of the electronic system 38, 39 by the magnetic vector potential in the AB effect. Therefore even without the periodic electric vector potential, the Bloch wavevector still remains a good quantum number to describe the system due to the periodic lattice potential (see Refs. [38, 39] In this Appendix, we consider a relativistic-like magnon with a linear dispersion, namely, Dirac magnon
57
, and clarify the difference from the nonrelativistic-like magnon with the quadratic dispersion (see the main text) in terms of Landau quantization.
Recently, Fransson et al.
have pointed out the possibility that a Dirac-like 83 magnon spectrum is generated on two-dimensional honeycomb lattices (see Ref. [57] for details). Such magnetic excitations with a linear dispersion are called Dirac magnons, and they are robust
This gives
which can be rewritten as
The non-trivial solution reads,
Finally, Eqs. (D5) and (D9) result in the Landau levels for ferromagnetic Dirac magnons [Eq. (D4)]. Like for nonrelativistic-like magnon case, the energy eigenvalue becomes discrete (i.e., Landau level quantization). However, the energy level spacing of ferromagnetic 
Am +ε.
En − En−1 = ωc. E Dirac magnons, relativistic-like magnons, is not uniform and does depend on the Landau level index n,
This results from the properties that the energy level for Dirac magnons is quantized in units of √ n [see Eq. (D4)]. These stands in sharp contrast to the nonrelativistic magnons.
Antiferromagnetic Dirac magnon
The Landau level for Dirac magnons on antiferromagnetic honeycomb spin lattices can be derived in the same way. Around the (so-called) Γ-point 57, 83 on an antiferromagnetic honeycomb spin lattice, antiferromagnetic Dirac magnons in the presence of an AC phase are described 
The results of Landau levels for nonrelativistic-like and relativistic-like magnons are summarized in Table I . It is well-known that Dirac fermions in graphene generate an unconventional 84, 85 integer QHE due to a quantum anomaly of the lowest Landau level. Therefore, as an outlook, we mention that seeking a possibility for a fractional 86 magnonic QHE, it would be interesting to explore the QHE and the WF law of Dirac magnons in Landau quantization and investigate the difference from the ones of nonrelativistic-like magnons. * 0 can be represented by any value E 0k in the the almost flat band interval [min k {E 0k }, max k {E 0k }], since the value of nB(E * 0 ) approximately remains constant in this interval. 94 See also Appendix C for the difference between the magnonic QHE and the one in a disordered chiral spin liquid 44 where the Bloch wavevector is no longer a good quantum number due to disorder 43 effects (e.g., by impurities). 95 Also in Refs. [46, 47] , the AC phase of the form of Eq. (1) is induced 31 Refs. [35, 36] , and thus considering the edge currents, the magnonic WF law given in Eq. (16) still holds. 98 As to the electronic WF law for diagonal (L xx ij ) and non-diagonal (L yx ij ) transport coefficients in impuritydisordered quantum Hall systems, see Refs. [89, 90] . 99 We have confirmed this also by analytic calculation.
